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I. INTRODUCTION 

Fractional calculus is the extension of integer order calculus to arbitrary order calculus. With the development of 

fractional calculus, fractional differential equations have wide applications in the modeling of different physical 

and natural science fields, such as fluid mechanics, chemistry, control system, heat conduction, etc. There are 

many papers concerning fractional differential equations with the p-Laplacian operator [1-5] and fractional 

differential equations with integral boundary conditions [6-10]. 

In [11], Yang studied the following fractional q-difference boundary value problem with p-Laplacian operator 

 

 

 

where 1 , 2.    The existence results for the above boundary value problem were obtained by using the 

upper and lower solutions method associates with the Schauder fixed point theorem. 

In [12], Yuan and Yang considered a class of four-point boundary value problems of fractional q-difference 

equations with p-Laplacian operator 

 

 

 

 

Where      is the fractional q-derivative of the Riemann-Liouville type with 1 , 2.    By applying the 

upper and lower solutions method associated with the Schauder fixed point theorem, the existence results of at 

least one positive solution for the above fractional q-difference boundary value problem with p-Laplacian operator 

are established. Motivated by the aforementioned work, this work discusses the existence of positive solutions for 

this fractional q-difference equation: 
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= 1.p      is the Caputo fractional q-

derivative,     is the Riemann-Liouville fractional q-derivative. 

     We will always suppose the following conditions are satisfied: 

1( )H ( ) :[0,1] [0, )g t → +  with 
1( ) [0,1],g t L                and    

2( )H , (0, ),a b +                 and ;b a  

3( )H ( , ) :[0,1] (0, ) (0, )f t u  + → +  is continuous. 

II.  BACKGROUND AND DEFINITIONS 

To show the main result of this work, we give in the following some basic definitions and theorems, which can be 

found in [13,14].   

Definition 2.1 [13] Let 0  and f be a function defined on [0,1] . The fractional q-integral of Riemann-

Liouville type is                and 

 

 

 

Lemma 2.2 [13] Let 0,   then the following equality holds: 
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Theorem 2.4 (Avery-Henderson fixed point theorem [15]) Let ( , )E   be a Banach space, and       be a 
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and ( ),u M u   for all 
3( , ),u p r   where 

3 3( , ) { : ( ) }.p r u P u r =     Suppose that there exist 

positive numbers 
1 2 3,r r r   such that  

( ) ( )lu l u    for 0 1,l   and 2( , ).u P r  

If 3: ( , )T p r P →  is a completely continuous operator satisfying: 

1( )C 3( )Tu r   for all 3( , );u P r  

2( )C 2( )Tu r   for all 2( , );u P r  

3( )C 1( , ) ,P r  and 1( )Tu r   for all 1( , ),u P r  

then T  has at least two fixed points 1u  and 2u  such that 1 1( )r u  with 1 2( )u r   and 2 2( )r u  

with 2 3( ) .u r   

III.  PRELIMINARY LEMMAS 

Lemma 3.1  The boundary value problem (1.1) is equivalent to the following equation: 
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In view of                                   we get 
2 3 0,c c= =  i.e., 

                                                                                      (3.6) 

 

Conditions                 imply that  

 

(3.7) 

 

By use of (3.6) and (3.7), we get 

 

(3.8) 

In view of (3.8), we obtain 

 

 (3.9) 

Let 

 

 

by use of (3.9), we get  

 

 

Conditions             imply that 
2 0,d =  i.e., 

 

 

then we have 

 

 

Conditions            imply that 

 

 

 

From                                we get 

 

 

 

 

 

 

 

Therefore, we can obtain 

 

 

 

'

,0 ,0
( (0)) [ ( (0))] 0,c c

p pq q
D u D u  + += =

( 1) 1

1,0 0

1
( ( )) ( ) ( , ( )) .

( )

t
c

p qq
q

D u t t q f u d c t      


+

− −= − − +
 

,0
( (1)) 0c

p q
D u + =

1
( 1)

1
0

1
(1 ) ( , ( )) .

( )
q

q

c q f u d   


−= − −
 

1

,0 0
( ( )) ( , ) ( , ( )) .c

p qq
D u t H t q f u d    + = 

( )
1

,0 0
( ) ( , ) ( , ( )) .c

q qq
D u t H t q f u d     + = 

( )
1

0
( ) ( , ) ( , ( )) ,q qv t H t q f u d    = 

( 1) 2

0 1 2
0

1
( ) ( ) ( ) .

( )

t

q

q

u t t qs v s d s d d t d t



−= − + + +
 

2

,0
(0) 0

q
D u+ =

( 1)

0 1
0

1
( ) ( ) ( ) ,

( )

t

q

q

u t t qs v s d s d d t



−= − + +
 

' ( 2)

1
0

1
( ) ( ) ( ) .

( 1)

t

q

q

u t t qs v s d s d



−= − +
 − 

,0
(1) 0

q
D u+ =

1
( 2)

1
0

1
(1 ) ( ) .

( 1)
q

q

d qs v s d s



−= − −
 − 

1

,0 0
(0) (0) ( ) ( ) ,qq

au bD u g t u t d t++ = 

1
( 1)

0 1 0 0

0

1
( ) ( ) ( )

[ ( ) ] ( )

t

q q

q q

d g t t qs v s d sd t
a g t d t





−= −
− 

 


1

1
( 2)0

1 0

0

[ ( ) ]
(1 ) ( ) .

[ ( ) ] ( 1)

q

q

q q

b tg t d t
qs v s d s

a g t d t





−
−

+ −
−  −






( 1)

0 1
0

1
( ) ( ) ( )

( )

t

q

q

u t d d t t qs v s d s



−= + + −
 



Existence of positive solutions for fractional q-difference… 

 
|Volume 2| Issue 7 |                         www.ijrtem.com                       | 9 | 

 

 

 

 

 

 

 

 

 

The proof is complete.                                                                 □ 

 

Lemma 3.2 ([16]) The function ( , )H s   defined by (3.5) is continuous on [0,1] [0,1]  and satisfy 
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Lemma 3.3 For           with                is non-increasing and non-negative. 

Proof Since 
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The proof is complete.                                                                     □ 

 

IV.  MAIN RESULTS 
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and 2 2( )r u  with 2 3( ) .u r   

Proof Define the cone P E by 
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For any 
2( , ),u P r  we get ( ) ( )lu l u =  for 0 1.l   

    In the following, we prove that the conditions of Theorem 2.1 hold. 

Firstly, let 
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Secondly, let 2( , ),u P r  that is, 2[0, ]u r  for [0,1].t  By means of 2( ),H  we get  
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Finally, let 1( , ),u P r  that is, 1[0, ]u r  for [0,1].t  By means of 3( ),H  we get  
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Therefore, in view of Theorem 2.1, we see that the problem (1.1) has at least two positive solutions 1u  and 
2u  

such that 
1 1( )r u  with 

1 2( )u r   and 
2 2( )r u  with 

2 3( ) .u r 
                          

□ 

VI.  EXAMPLE 

In this section, we give a simple example to explain the main result. 

Example 5.1  For the problem (1.1), let 2.8, = 2.3, = 4,a = 10,b = 2,p = ( ) ,g t t=  then we get 2,q =  
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From a direct calculation, we get    

for                           

  for    

                                  for    

In view of Theorem 4.1, we see that the aforementioned problem has at least two positive solutions 1u  and 
2u  

such that  
10.5 ( )u  with 

1( ) 9u   and 
29 ( )u  with 

2( ) 10.u   
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